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Abstract 

Using the Berline-Vergne integration formula for equivariant cohomology for torus 
actions, we prove that integrals over Grassmannians (classical, Lagrangian or orthog- 
onal ones) of characteristic classes of the tautological bundle, can be expressed as 
iterated residues at infinity of some holomorphic functions of several variables. The 
results obtained for these cases, can be expressed as special cases of one formula, 
involving the Weyl group action on the characters of the natural representation of 
the torus. 



1 Introduction 

The goal of this paper is to present a way of expressing integrals over Grassmannians with 
torus action as iterated residues at infinity of holomorphic functions. Localization theorems 
for compact spaces with torus action provide a useful tool, which allows to express some 
cohomological invariants using only the fixed point set of the action. For example, if X 
is a compact manifold with torus action and the fixed point set of the action is finite, 
the Berline-Vergne formula expresses the integral over X of an element of equivariant 
cohomology as a sum of local contributions: 



Ha 

a 
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Here, a £ H^(X) is an element of equivariant cohomology of X, e p is the equivariant Euler 
class of the tangent bundle and T denotes the n-dimensional torus. If the space X satisfies 
additional assumptions (e.g. the odd dimensional cohomology vanishes), then every closed 
T-invariant differential form can be extended to an element of Hj(X). [I] 

In the case of complex Grassmannian, the Berline-Vergene formula has the form: 



m) = E 



Grass m (0) px e Px 
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Now, 4>(TZ) is a characteristic class of the tautological bundle 1Z. To every characteristic 
class we can associate a symmetric polynomial V, in Chern roots of the bundle 1Z. I prove 
a following formula for the above integral, that has been claimed in the paper of A.Weber 
0: 

1 „ V(zi, ...,z m ) Ui^(zi ~ Zj) 



<p(K) = —Res 



'Grass m (0) m! 1 Li=l 1 Yj=\ \ l i ~ Z j ) 

A similiar result can be obtained for other types of Grassmannians. In the case of La- 
grangian Grassmannian LG(n), the expression for an integral, in the form of an iterated 
residue, is the following: 

f , (v , _ - i v(zi, z n ) n iftj ( Zj - Zi ) n^jzi + z j) 

Jlg(u) n\ [[i=i rij=i(*t - Z 5M + Z J) 

The formulas for orthogonal Grassmannians are very similiar to the one above, and are 
given in chapter 13.21 Berczi and Szenes in their paper [3] found a formula for an integral 
over flag variety ([3J, chapter 6.3). All the obtained formulas (for classical, Lagrangian 
and orthogonal Grassmannians and the one derieved by Berczi and Szenes) can be written 
as one equality, involving the action of the Weyl group on the characters of the natural 
representation of torus action. The result is presented in chapter 13.31 



2 Preliminaries 

Throughout this paper, we will use some well-known facts about equivariant cohomology 
for torus action, and basic knowledge of theory of analytic functions (we use iterated 
residues of holomorphic functions at infinity). 

2.1 Berline-Vergne formula 

Let T be the n-dimensional torus T = (C*) n , acting on a compact space X. The characters 
of the action can be identified with elements of equivariant cohomology of X - to every 
character \ we associate the first equivariant Chern class of the line bundle defined by this 
character, c\(x) G Hj(pt). Thus we can consider the group of nonzero characters \ {0} 
subset of Hj(X). 

Theorem 1 (Atiyah, Bott). Let X be a compact T '-space. The inclusion i : X J ^ X 
induces an isomorphism, 

e : fljPOP* \ Mr 1 ] ^ h;(x-V)[(t* \ {o})- 1 ], 

after localizing with respect to the multiplicative system consisting of finite products of 
elements C\{x), for x £ T # \ {0}. JEj 

If X is a compact manifold, and the fixed point set is finite, the Atiyah-Bott localization 
theorem has the following consequence: 
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Theorem 2 (Berline, Vergne). Suppose X is a compact manifold and < oo. For 

x G Hj(X) we have 




where e p is the equivariant Euler class of the tangent bundle at the fixed point p, and i* is 
the restriction of the inclusion i : X J <-> X to point p. FJ|/ 

The equivariant Euler class at the fixed point p is given by the product of weights 
of torus action on the tangent space. If X is a homogenous space G/P, where P is a 
parabolic subgroup (like in the case of Grassmannians and flag varieties), the tangent 
space at 1 is canonically isomorphic to g/p and the weights of the torus action are the 
posivite roots $ + \ $p. 



2.2 Iterated residues at infinity 

Let Co>i, Uk be affine forms on C n , and let h(z\, . . . , z n ) be a holomorphic function. We 
define the iterated residue at infinity as 



21=00- • ■ 




where z := (zx, . . . , z n ) and dz := dz x A ... A dz n , and the intergals are taken over sufficently 
big circles, satisfing 1 -C R\ <C ... <C Rn- 



3 Results 

The goal of this paper is to show how integrals over various Grassmannians (classical, 
Lagrangian and orthogonal) can be expressed as interated residues at infinity of rational 
functions. The starting point is the Berline- Vergne formula, and the following example: 

Example 1 (Berline- Vergne formula for CP n ). Consider CP™ with the standard torus 
action: 

(to,...,t n ) ■ [xq : ... : x n ] i y [toXo : ... : t n x n ]. 

The fixed points are the coordinate lines pj = [0 : • • • : 1 : • • • : 0]. The tangent space at 
point Pi is 

T Pi CF n = Hom(p h pt) 
and therefore the Euler class is equal to 

n 
1=0 
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Using Berline-Vergne formula to compute the integral of a characteristic class (f)(Tl), given 
by a polynomial V(ci(lZ)), we obtain 



/ 

J ci 



i=0 IW'^J 

One can easily write the right hand- side as a residue: 

where the last equality holds by the Residue Theorem. 

Using similar calculations, one can show an analogous formula for integral over the 
Grassmannian of m-dimensional subspaces in C n . The fixed points of the torus action are 
the coordinate subspaces 

p x = Span{e Xl ,...,ex m }, 
where A = (Ai < ... < A m ) is a partition of n. The Euler class is equal to 

^ = n (*»-**)■ 

Therefore, the Berline-Vergne formula has the form: 



L 



Grass m (C") px e Px A 1 lke\,l<£\ W ~ **0 



where V is a symmetric polynomial in m variables. 

As in the case of projective space, we can write an expression for the righthand-side of 
the Berline-Vergne formula as in iterated residue, in the following way: 



/ 

JGi 



4>(1Z) = Res Zl=0D Res Z2=00 ...Res 



1 V(z 1 ,...,z m )U i ^ j (zi -zj 



'Grass m (C") " t! 1 li=l 1 lj= 

It can be shown directly, making similar calculations as for the projective space, and using 
the Residue Theorem m times. We will proove a slightly more general result, from which 
the above formula follows easily. 

Formula 1. Let <f)(TZ) be a characteristic class of the tautological bundle over Grass m (C n ) , 
and ip(Q) a characteristic class of the quotient bundle. Then, the following fomula holds: 



J 

J G; 



Grass m (C") x llkeX,l^\\ 

V n (zi, Z m )V Q (z m+1 , Z n ) []™ i YYj=m+i( z i - z j) YliJ=l( z i ~ z j) Y\i,j=m+l(Zi ~ Zj) 

Res z=00 ^ ¥1 

m!(n-m)!nr=iIlLi(*i-*j) 
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Proof. The first equality is just an application of Berline-Vergne formula. The lefthand-side 
can be rewritten using Vandermonde determinants. We have: 



IK 

i<j 
rn 

IK 

i>j 



n <*-**>n n 



z,) = (-l)" m Vand(z l ,.. n z„) 



Zi Z 



i,j=m+l 
i<j 
n 

) n < 

i,j=m+l 
i>j 



i=l j=m+l 

Vand(zi, • • • , z n ) 



T m ™ ( Z --Z- 



ni^n- 



where Vand(xi, ■ ■ ■ ,x n ) = Yli<j( x i ~ x j) denotes the Vendermonde determinant. 



Now, the lefthand-side can be written as: 



Res 



V n ( Zl , z m )V Q (z m+1 , z n )(-l)™Vand( Zl , z n ) 2 (UT= i Yl%m + i( z J ~ z i)) 



-i 



z 1 ,...,z„=oo 



m\(n - m)\ JlILi YTj=i{U ~ z j) 

The residue at infinity can be calculated by replacing it with residues at points t«, by the 
Residue Theorem. The numerator of * is a polynomial, so we only need to check what 
is the result of taking; residue of the function — r.To shorten the expressions 

lli=l llj=l(*i-2j) 

appearing in the calculation, let's use the following notation: 

iei jeJ 

In a special case, when I = J and x = y, we will write R X (I) instead of R X (I, I)- We will 
also use the notation [n] for {1, . . . , n} and [m, n] for {to, to + 1, . . . , n}. 

Now, the residue of — 7 is: 
' lli=i ll 3 =i(*i- z j) 

1 _ 1 



miii?=i(**-^-) 



zi,...,z„=oo 



i?,([n],[n]) 



-R eS Zl,...,2 n _l = 00 ^ ] 
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ra n 

i?e Szi ,...^_ 2=00 £ J2 Rt z ([ n },[n- 2])R\{[n] \ {k n , k n _ ± }, {k n , fc„_ 1 })i? t ({A; n , fe^J) 

^n— 1 ^fcn 

n n 

£ ' £ R ^ )^( ' ^ ~ W(S • • • , M) 

n n ^ ran 

£ j£iiirj=i(*fci-*fcj) fcl=1 



) m ™Vanrf(t fcl ,...,t fe J i 



k\^ki,...,k n 



Finally, we obtain: 

V n {z u z m )V Q (z m+u z n )(-l) mn Vand(z u z n f ( R z z {[m + 1, n], [m]) 



-k = Res 



^ ''\^ 1 m!(n-m)!(-l) m «\/anrf(t fcl ,...,t fc J 2 ( J R^([m + l,n],[m]) 



fei=i 

fel7^fe2,...,fe n 



a " ' a ™«* - -) ! nr=i nju^ - **) " 

= ml(n — my. ■ } — - -— = -, 

where the last equality results from the fact, that Vr and Vq are symmetric polynomials, so 
for any permutation a G S m x S n _ m the residues at point (t kl ,...,t k J and (t CT ( fcl ), . . . , t a{kn )) 
are equal. The final experession is exactly the righthand-side in the formulation of the 
theorem. □ 

Corollary 1. If we set Vq to be a constant polynomial, Vq = 1, we get 

f a<i?\ - f> 1 V(z 1 ,...,z m )U^M-^) 

JGrass m (C n ) m - 1 li=l 1 lj=l (ft ~ Z 3 ) 

The proof of the above Corollary is a simple calculation. 
3.1 Lagrangian Grassmannians 

Similar results can be obtained for integrals over the Lagrangian Grassmannian. 

For LG(n), the fixed points of the torus action can be parametized using the subsets 
/C{l,...,n}: 

pi = Span{qi,pj : i e I,j I}. 
Weights of the torus action on the tangent space are equal to 

{±ti±tj : 1 < i < j < n}U{±2ti : i — 1, ...,n}, where the + sign appears whenever i,j e /. 
In this case, the Berline-Vergne formula gives: 



J L G { n) [ ) VlC,-=l(±2*i)(±*i±^)' 



which can be expressed as a residue at infinity as follows: 
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Formula 2. 



/ 4>{n) = Res 

J LG(n) 



V(z 1 ,...,z n )U i<j (z j -z t) 



LG(n) nr=i(*i-*)(*i+*)ni<j(*i+tj)(*i-*i)' 



Proof. First, we use the Residue Theorem to change the residue at infinity to residues at 
points Zi = ±ij. The function 



V = 



V( y z u ...,z n )Yl i<j ( y z j - Zj 

rw*<+fj)(*i-*i) 



is a polynomial in z±, z n , so we only need to compute the residue of the function j-p 
We have: 

1 

Res Z i=+ti ■ ■ ■ Res 



zi=±ti ■ ■ " - rte *z n =±t„ ^-fn 



1 ill 

= Res zi=±tl — --— • • • Res Zn=±tn - 



(t 1 -z 1 )(t 1 + z 1 ) ' n ~^ n {t n -z n ){t n + z n ) ±2ii ±2t n 
Now it is sufficient to calculate the values V at points Zi — U,i & I, Zj = —tj,j I: 



V(±h,...,±t n ) 



V(±t 1 ,...,±t n )U i<j (±t j -±U) 



Ui<j(ti + tj)(ti-u) 

The interpretation of the ± signs in the product rj i<:) (±tj — ±£j) is the followinng: 

H(±t 3 ~ ±u) = n & - u) n {~tj + u) n ^ - ^ n ^ + ^ 

i<j i<j i<j i<j i<j 

Reducing the above product with the part n«<j(^ + tj)(tj ~ ti) * n the denominator 
of V, we obtain that V(U, —tj : i G /, j ^ /) is equal to: 

Vjtu-tj :iel,j(£l) 

Yli<j (ti + tj)Yli<j (u + m-i^U i<i (tj-t^u i<j (t j -t i )(-i) c ^ 

i,jei iei,jfi i£i,jei 

where C x = : % < j,i i I,j G /}, C 2 = : i < G /}. 

Changing the signs of tj to negative for j I and reducing them with the (— l) Cl+c ' 2 , 
we can rewrite it in the following way: 

V(U, -t s :iel,jtl) = V(U,-tj:iel,j^l) 

1 I i<3 \U + tj) 1 I »<j ( — *i - tj) 1 I »<j ( + *i) 1 I i<3 (tj ~ U) 

i,jei i,j£i iei,j£i i<£i,jei 



Finally, 



eSz=00 nr=i(^ - *i)(u + rw*< + tj)(tj - u) v ±2 *i- ± 2tn 

= V{ti,-t r .iel,3il) 

which shows that the residue we calculated is equal to the sum from the Berline-Vergne 
formula. □ 

Formula [2] is the natural expression one comes up with, when trying to find the easiest 
way to write down the integral over LG(n) as a residue at infinity of some function. 
However, one can easily find a slightly different formula, which gives the same result, but 
shows more similarities to the formula for the classical Grassmannian: 

Formula 3. 

f _ „ 1 V(z U -, Z n ) Ui&(Zj ~ Zj) Ui<j(Zi + Zj) 

Jlgm ni n,;=i n,=i (u - zjMti + zj) 



This second version of the formula may not seem very different from the first one, and 
in no way a better one. But it turns out to be more useful - it will derive the general 
formula for all the Grasmannian types in section 13.31 For orthogonal Grasmannians we 
will use only the latter form. The proof is analogous to the one in the classical case. 



3.2 Orthogonal Grassmannians 

For orthogonal Grassmannians, the fixed points can be indexed by the subsets I C {1, . . . , n}, 
just like in the Lagrangian case. The fixed points are: 

= Span{qi,pj :iel,j<£ I}. 

The weights of the torus action on the tangent space, and hence the equivariant Euler 
class, depend on whether we consider the even-dimensional case of OG(n, 2n) or the odd- 
dimensional OG(n, 2n + 1). In the former case, the weights are: 

{±ij ± t j : 1 < i < j < n}, where the + sign appears whenever i, j G I. 

Therefore, the Berline-Vergne formula yields 

/ 0(^) = 2^ — rr (+t+t) — • 

JOG(n,2n) j 1 Li J=l V ±r i =•= l j) 

The righthand-side of the above equality is almost identical to the one in Berline-Vergne 
formula for Lagrangian Grassmannian. In order to obtain an iterated residue formula for 
OG(n, 2n) we only need to modify slightly the result for the Lagrangian case. 
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Formula 4. 



r _ p i v( Zl , zn) n ¥3 -(* 3 - - zj) rw^ + %)2" nr=i * 

J0G(n,2n) ™ ilz=l llj=l(*< ~ + *i) 

As might be expceted, the odd-dimensional case is just as easy - the weights of the 
torus action are 

{±ti ± tj : 1 < i < j < n} U {U : i = 1, n}, where the + sign appears whenever i,j G I. 
Hence, the residue formula for OG(n, 2n + 1) is the following: 
Formula 5. 

1 V( Zl , z n ) Yl^Zj - Zi) Yli^i + ^')2 n 



/ 



<p(K) = Res 



OG(n,2n+l) " " ^ °° n\ Yli=l ]lj=l(^ ~ Z j)(U + Z j) 

3.3 General formula 

Surprisingly, it turns out that for the established formulas, one can find one equality, which 
generalises them all. It requires using the Weyl group action on the characters of the nat- 
ural representation of the torus action. 

The Grassmannians are homogenous spaces G/P, where G is the general linear group 
GL(n) for the classical Grassmannian, the symplectic group Sp(C n ) for the Lagrangian 
Grassmannian, and OG(n) for the orthogonal Grassmannian. The parabolic subgroup P 
in each case is the stabilizer of the point under the action of the torus T of diagonal ma- 
trices. Let W denote the Weyl group of G, and Wp the Weyl group of P. Let ti denote 
the characters of the natural representation of the torus, and consider the " second copy" 
of those characters, z iy which we are going to treat like formal variables. 

Now, let Xi denote the set of all possible images of Zi under the action of W, namely 
Xi = {cr(zi) : a G W}. Furthermore, let $ + \ $p + be the set of positive roots, written in 
terms of characters Z{. The following formula holds for all the considered cases: 

Formula 6. Let G/P be the classical, Lagrangian or orthogonal Grassmannian and let TZ 
denote the tautological bundle, given by polynomial V in Chern roots. Then, we have 

G/P Wp\ U l= iU x exS^- x )Uye^ P +y 

Proof. It's enough to compare the above formula with the ones obtained in previous chap- 
ters. The table below shows, what the sets X± and the positive roots $ + \ $p + are in each 
case. 
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G/P 




$+ \ $p + 


Grass m (C n ) 

LG(n) 
OG(n, 2n) 
OG(n, 2n+ 1) 
Flag m (C n ) 


{zi, z n } 
{zi, z n , Z\, z n } 

{zi, Z n , Z\, z n } 

{zi, z n , z±, z n } 
{zi, z n } 


{zi — Zj : 1 < i < m < j < n} 
{zi + Zj : 1 < % < j < n} U {2zi : 1 < % < n} 

{zi + Zj : 1 < i < j < n} 
{zi + Zj : 1 < % < j < n} U {zi : 1 < % < n} 
{zi — Zj : 1 < i < j < m}U 
{zi — Zj : 1 < i < m < j < n} 



□ 



The existence of a "general" formula, which works for all types of Grassmannians, and 
depends only on some algebraic objects associated with them (Weyl group, positive roots, 
characters of the natural representation) gives rise to a natural question: can we go further, 
and find a consistent way of expressing intergals over homogenous spaces (maybe under 
some additional assumpiotns) as residues at infinity of some functions? If yes, what is the 
meaning of those functions, do they have an interpretation? In the nearest future, I will 
investigate this problem further, starting with an attempt to obtain a similiar result for 
small exceptional groups, and then maybe generalising the results to other homogenous 
spaces G/P. 
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